The principle of maximum conformality (PMC) provides a convenient way for setting the optimal renormalization scales for high-energy processes, which can eliminate the conventional renormalization scale error via an order-by-order manner. At present, we make a detailed PMC analysis on the Higgs decay H → γγ up to three-loop QCD corrections. As an important point of deriving reliable PMC estimation, it is noted that only those {β i }-terms that rightly determine the running behavior of coupling constant via the renormalization group equation should be absorbed into the coupling constant, and those {β i }-terms that pertain to the quark mass renormalization and etc. should be kept as a separate. To avoid confusion of separating and absorbing different types of {β i }-terms into the coupling constant, we first transform the decay width in terms of top quark MS mass into that of on-shell mass and then apply the PMC scale setting. After applying PMC scale setting, the final estimation is conformal and is scheme-independent and scale-independent. Up to three-loop QCD corrections, we obtain a PMC scale µ PMC r = 242.3 GeV ∼ 2M H , which is optimal and highly independent of any choice of initial scale. Thus, we obtain a more accurate scale-independent prediction by taking the Higgs mass as the same as that of ATLAS and CMS measurements, i.e., Γ(H → γγ)| ATLAS = 9.504 
I. INTRODUCTION
The discovery of a new gauge boson has been reported by CMS and ATLAS collaborations at the Large Hadron Collider (LHC) [1] [2] [3] [4] . At present, its properties are found to be remarkably similar to Standard Model (SM) Higgs [3] [4] [5] [6] [7] [8] . To know more of its properties becomes a paramount task, since if we know it well, we may decide whether there is really new physics beyond SM and to determine further what's the new physics could be like. The Higgs decay channel, H → γγ, which provides a dominant role for the discovery of Higgs boson, shall be of great importance for revealing detailed properties of Higgs boson at the LHC or future collider experiments. The recent updates on Higgs boson search show that the signal significance of H → γγ channel are 3.2σ − 3.9σ for CMS [6] and 6.1σ − 7.4σ for ATLAS [7] . The decay width Γ H→γγ also enters into the cross section for Higgs-boson production through photon-photon fusion, then, it could also be helpful for future high energy e + e − colliders as international linear collider (ILC) [9] or the Higgs factory. Therefore, it is important to study this decay channel as precise as possible.
Theoretically, within the SM model, the decay of Higgs boson into photons is mediated though either W boson or heavy fermions at least at the one-loop level, whose total decay rate can be generally written as
where τ W = M Because of its importance, in the literature, many efforts have been made on studying the Higgs decays into two photons, e.g. the one-loop estimation can be found in Refs. [10, 11] , the two-loop estimation can be found in Refs. [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] , and the electroweak corrections at the two-loop level have also been analyzed in Refs. [22] [23] [24] [25] . Most importantly, three-loop non-singlet QCD correction has been given in Ref. [26] , and recently, a complete three-loop correction including both singlet and non-singlet QCD corrections has been done by Ref. [27] .
All those improvements provide us a great chance for deriving more accurate estimation on
Higgs properties, as is the purposes of our present paper.
It is conventional to choose a typical momentum transfer of the process as the renormalization scale and take an arbitrary range to estimate the uncertainty in the QCD prediction.
As is well-known, under such conventional scale setting, there is renormalization scale and renormalization scheme ambiguities at any finite order. It is often argued that by varying the renormalization scale, one can estimate contributions from higher-order terms. However, this procedure only exposes the {β i }-dependent nonconformal terms, not the entire perturbative series. And the prediction of conventional scale setting is usually wrong in QED where there is never a scale uncertainty. Further more, the value of n f entering the QCD β-function is not determined by using conventional scale setting. A recent review on this point can be found in Ref. [28] . It has been suggested that the principle of maximum conformality (PMC) provides a possible solution for eliminating renormalization scale ambiguity [29] [30] [31] [32] [33] [34] [35] , which also provides a principle to set the optimal renormalization scales up to all orders and to set the value of n f entering the QCD β-function at each perturbative order. In the present paper, we shall adopt PMC to eliminate the renormalization scale ambiguity for H → γγ. For the purpose, one can first finish the renormalization procedure by using an arbitrary initial scale µ init r , and then set the effective or optimal PMC scales for the process by absorbing all non-conformal terms into the coupling constant via an order-byorder manner. It is noted that the PMC satisfies all self-consistency conditions for setting the renormalization scale, and the QCD predictions under PMC are then independent of renormalization scheme. Because of these merits, the PMC method can be widely applied to high energy physics processes, some of its applications have already been shown in the literature [31] [32] [33] [34] [35] [36] [37] [38] .
In principle, the scale dependence of the strong coupling constant is controlled by the renormalization group equation (RGE) via the β function, i.e.,
where various terms in β 0 , β 1 , · · ·, correspond to one-loop and two-loop · · · contributions respectively. If one can find a proper way to sum up all known-type of {β i }-terms into the coupling constant, then one can determine the effective coupling for a specific process definitely at each perturbative order, and thus, the renormalization scale dependence can be greatly suppressed or even be eliminated. The PMC has been designed for such purpose.
As an important point of deriving reliable PMC estimation, it is noted that only those nonconformal {β i }-terms that rightly determine the running behavior of the coupling constant via RGE should be absorbed into the coupling constant to form a conformal series. Those unrelated {β i }-terms that are from the quark mass renormalization and etc. should be kept as a separate during PMC scale setting. Since all {β i }-terms are entangled with each other, one should find a proper way to deal with each types via a confidential way. In this paper, by suggesting an unambiguous way to carefully deal with the {β i }-terms, we shall make a detailed PMC analysis on Higgs decay H → γγ up to three-loop QCD corrections.
The remaining parts of this paper are organized as follows. In Sec.II, we present the calculation technology for the Higgs decay H → γγ up to three-loop QCD corrections under the PMC scale setting, in which we suggest a new way to set the PMC scales for high energy processes unambiguously. In Sec.III, we present the numerical results and discussions. The Sec.IV is reserved for a summary.
II. CALCULATION TECHNOLOGY
The PMC scales of the process can be determined by absorbing {β i }-terms into the coupling constant. It is noted that the three-loop expressions presented in Ref. [27] are calculated under the MS scheme and are given for the top quark MS mass (m t ). Then, the {β i }-terms for both the top-quark anomalous dimension and the QCD β-function are entangled with each other. This makes it hard to set PMC scales in an unambiguous way.
To solve the problem, we suggest to transform expressions in the terms of m t into those of the top quark on-shell mass (M t ). After doing such transformation, all remaining {β i }-terms are rightly pertained to the coupling constant and the PMC scales can be readily determined. Practically, this transformation can be achieved by using the relation between m t and M t [39] [40] [41] . More specifically, their relation up to O(α 3 s ) can be written as
After applying such transformation from m t to M t on the decay width for H → γγ, we can rewrite the decay width into the following schematic form
where µ init r stands for an arbitrary initial choice of renormalization scale 1 , and under conventional scale setting, it is usually fixed to be typical momentum of the process, e.g.
= m H . The coefficients, similar to Ref. [27] are defined as,
EW denoting the electroweak corrections to the W boson and top-quark induced processes, are free from strong coupling and should be kept as constants when applying PMC, whose explicit forms are [10, 11] 
where N c = 3, G F is the Fermi constant, Q f denotes the quark electric charge and
The A 1 Before applying PMC scale setting, we should first transform the expressions with full initial scale dependence [28] , whose value is generally arbitrary. The elimination of scale dependence is equivalent to the elimination of initial scale dependence. The three-loop contribution A (2) t (τ t ) includes two parts, one is the non-singlet part A (2) t,0 (µ init r )| ns and the other is the singlet part, which can be further divided into A (2) t,t | sin for the terms with two top-quark loops and A (2) t,q | sin for the terms with one top-quark loop and one light-quark loop. That is,
where Q q is the electromagnetic charge of the light quark q ∈ {u, d, s, c, b}. Because the singlet parts A
t,t | sin and A
t,q | sin do not have {β i }-terms (or n f -terms), so they are also kept as constant during the PMC scale setting. Their analytic expressions for µ r ≡ µ init r can be derived from Ref. [27] . Here, for brevity, we present A 
Up to order O(τ 6 t ), the non-singlet part A
t,0 (µ init r )| ns in the terms of on-shell mass M t can be written as 
where A 
where the non-conformal A 
After applying the standard PMC scale setting procedures to the decay width (4), especially the n f terms are absorbed into the coupling constant with a combined form of
n f ), the decay width can be simplified as,
where the PMC scale
it is noted that at the present three-loop level, we have only β 0 -terms, so we have one PMC scale. It is noted that only the initial scale dependent logarithmic terms should be absorbed into the coupling constant simultaneously with the non-conformal terms via RGE, and the remaining conformal coefficients are still at the initial scale µ init r . More over, as will be shown later, the PMC scale µ PMC r only formally depends on the choice of the initial renormalization scale, its own value and hence the decay width are almost independent of the initial choice of renormalization scale, and then the renormalization scale dependence can be greatly suppressed or even eliminated at the three-loop level.
III. NUMERICAL RESULTS AND DISCUSSIONS
To do numerical calculation, we take Higgs mass M H = 126 GeV as its central value, We present the decay width for H → γγ before and after PMC scale setting in Table   I , where Γ LO , Γ NLO and Γ NNLO denote the decay widths at LO, NLO and NNLO levels accordingly, and Γ Total stands for the total decay width up to NNLO level. We adopt When applying the PMC scale setting, after resumming all β 0 -terms into the coupling constant, the results will be much more steady over the scale changes. As a comparison, the scale dependence for the NLO decay width Γ NLO are presented in Table II, More explicitly, by using Eq. (21), we find that the PMC scale is fixed to be 242.3 GeV (∼ 2M H ) for any choice of µ init r . This shows that the PMC scale is larger than the typical momentum flow of the process, i.e. the Higgs mass M H , to a certain degree. This larger scale is consistent with the above observations that after PMC scale setting the NLO correction to the decay width becomes smaller than that of the conventional scale setting. This point can be shown explicitly in Fig.(1) , in which the solid and dashed lines stand for the total decay widths up to NLO level (Γ NLO Total ) and NNLO level (Γ NNLO Total ), respectively. The PMC estimation as shown by the right diagram of Fig.(1) shows that the decay widths at each perturbative order are almost flat versus µ init r . In principle, at different pQCD orders, we need to set different PMC scales [28] . At present, the NNNLO calculation is not available, then we have no {β i }-terms to determine the PMC scale for NNLO terms, so we set the PMC scale for NNLO terms to be equal to the PMC scale for NLO terms, i.e. µ PMC r
, which is calculated by Eq. (21) . This treatment will cause residual scale dependence after PMC scale setting [37] . To provide a relatively reliable estimation on such residual scale dependence, following the idea of PMC, we first rewrite the NNLO coupling constant in Eq.(20) as follow
We observe that such newly log-term at one-order higher, corresponding to part of the NNNLO level, can compensate the scale changes at the NNLO level and result in an improved scale error in comparison to the conventional way [36] .
Thus, after PMC scale setting, we can eliminate the renormalization scale ambiguity and obtain a more accurate predications in comparison to the previous estimations for the Higgs decay H → γγ [44, 45] . 
where the errors in Eq. (22) is caused by varying initial scale µ
Under the conventional scale setting, the decay width of the NNLO terms increases with the increment of the scale, while the decay width of the NLO terms decreases with the increment of the scale, then as a combination, the total decay width up to the NNLO level varies slightly with the change of scale as shown in Fig.(1) . After PMC scale setting, the residual scale dependence for the NNLO terms is less than 0.1%, so our PMC estimation (23) shows no scale dependence even at the present three-loop order.
As a final remark. For a pQCD estimation, it is helpful to predict what's the "unknown" QCD corrections could be and how it will be changed with the improved QCD corrections.
The conventional estimation done by varying the scale over a certain range is not proper, since it can only estimate the non-conformal contribution but not the conformal one. More over, after the PMC scale setting, the determined PMC scales are optimal and can not be varied simply, otherwise, it will explicitly break the renormalization group invariance and lead to unreliable estimation. To achieve an estimation of how the ''unknown" QCD corrections could be from the "known" QCD corrections, we rewrite the decay width as
Up to n-loop QCD correction,R n = 
. We suggest the following more conservative method for the scale error analysis or to estimation how the "unknown" higher-order QCD corrections could be; i.e. to take the scale uncertainty as the last known perturbative order. More explicitly, the pQCD uncertainty at the (n + 1)-order is ∆ n = ±|C n a n s | MAX , where bothC n and a s are calculated by varying the initial scale to be within the region of [M H /2, 2M H ] and the symbol "MAX" stands for the maximum value of |C n a n s | within this region. This treatment is natural for PMC, since after PMC scale setting, the pQCD convergence is ensured and the only uncertainty is from the last term due to the unfixed PMC scale at this particular order. We obtain ∆ 1 ∼ ±1.9 × 10 −2 and ∆ 2 ∼ ±1.7×10 −3 for the conventional scale setting; ∆ 1 ∼ ±1.4×10 −2 and ∆ 2 ∼ ±1.4×10
−3
for PMC. The error bars provide a consistent estimate of the "unknown" QCD corrections under various scale settings; i.e., the exact value for the "unknown"R 2 are well within the error bars predicted fromR 1 . A detailed discussion on how to estimate the "unknown" QCD corrections for various scale settings from R(e + e−) and H → bb up to four-loop level shall be presented elsewhere [46] .
IV. SUMMARY
We have applied the PMC scale setting to study the decay width of H → γγ up to three-loop level. After the PMC scale setting, we obtain a renormalization scale and renormalization scheme independent estimation. Then, a more accurate estimation has been achieved. More explicitly,
• The PMC renormalization scale is formed by absorbing the {β i }-terms that govern the running behavior of the coupling constant into the coupling constant. At present, the decay width has been calculated up to three-loop level by using the MS renormalization scheme. Because the {β MS i }-terms for both the top-quark anomalous dimension and the QCD β-function are entangled with each other, it is hard to apply PMC unambiguously without knowing each part well. Thus, to separate the {β i }-terms in an unambiguous and convenient way, we transform the expressions with the MS-mass m t to those with the pole-mass M t before applying the PMC scale setting. It is noted that, our present suggestion of dealing with the {β i }-terms can also be extended to deal with other source terms involving {β i }-series that are also unrelated to determine the running behavior of the coupling constant in order to derive a reliable PMC estimation.
• As shown by the left diagram of FIG.(1) , under the conventional scale setting, the NLO decay width Γ NLO shows a strong dependence on µ init r , one can obtain a convergent and less scale dependent estimations up to three-loop level. Especially, there is large scale cancelation between different perturbative terms, i.e. the decay width of the NNLO terms increases while the decay width of the NLO terms decreases with the increment of the scale. In contrast, as shown by the right diagram of FIG.(1) , after the PMC scale setting, the decay widths at the each perturbative order are almost flat versus the initial renormalization scale µ init r . It shows that the optimal renormalization scale for H → γγ is ∼ 2M H other than the usual adopted M H . It is noted that because the NLO level PMC scale can be definitely determined by the {β 0 }-terms at the NNLO level, the total decay width up to NLO level is almost flat as shown by Table II; while there is no {β i }-terms to set the PMC scale for NNLO terms, so there is residual scale dependence for NNLO terms, which is quite small via an improved conventional scale setting method as suggested in Ref. [36] . • Since the scale dependence has been eliminated, after the PMC scale setting, a more accurate scale-independent pQCD predication for H → γγ can be obtained. 
Γ(H → γγ)| CMS = 9.568
where the subscript ATLAS means the error is caused by varying Higgs mass M H = 125.5 ± 0.2 +0.5 −0.6 GeV determined by the ATLAS collaboration and the subscript CMS means the error is caused by varying Higgs mass M H = 125.7 ± 0.3 ± 0.3 GeV determined by the CMS collaboration, respectively. More explicitly, we show the decay width versus the Higgs mass M H in FIG.(2) . In addition to previous examples done in the literature, the PMC scale setting works well for the decay channel H → γγ.
Inversely, if taking the decay width as an input, one can obtain a more accurate estimation on the Higgs mass. Thus, it is helpful to reveal the properties of Higgs boson with high precision, and it can also increase our understanding of possible new physics beyond the SM.
It is noted that a four-loop estimation of H → γγ has been presented very recently [47] .
It, being given with top-quark MS-mass, can not be directly dealt with by PMC. However, we can estimate that the four-loop terms shall not affect our main conclusions since our present three-loop estimation already shows good pQCD convergence and it is reasonable to estimate that the four-loop terms shall provide small contribution after applying PMC scale setting.
